HEISENBERG-LORENTZ QUANTUM GROUP 

P. KASPRZAK 

^^ , Abstract. In this article we present a new deformation of SL{2, C) on the C*-algebra level. 

^^ ■ The method of its construction is the Rieffel deformation. We give a detailed description of so 

^_^ ' obtained a quantum group (A, A) in terms of affiliated elements a, 0,^,5 S A^ generating A. 

v^ ' In order to construct /3, we split A onto parts on which /3 can easily be defined and then show 

(-H , that gluing procedure can be performed. Using the duality for locally compact quantum groups 

r^ ■ we were able to describe all representations of the C*-algebra A and to analyze the action of A 
on generators (i, /3, 7, 5. 
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1. Introduction 

A complete classification of deformations of SL{2, C) on the Hopf *-algebra level was presented 
in [13]. Up till now three cases contained there have been realized on a deeper, C*-algebraic level 
(see [2], [6], [14]). This paper is devoted to the C*-algebraic realization of another case. The 
method of deformation that we use is the Rieffel deformation and it is the same as in the example 
considered in [2] . Nevertheless the resulting quantum group G = (A, A) is much more complex 
(in what follows this group will be called the Heisenberg-Lorentz quantum group). One of the 
difficulties lies in the fact that among the four generators a, 0, 7, 6 of the C*-algebra A, only 7 is 
normal. Also the analysis of the comultiplication A is not as straightforward as in the case of [2] . 
To perform it we use the one to one correspondence between representations of C*-algebra A and 
corepresentations of the dual quantum group G. This correspondence was also used to describe 
all representations of A on Hilbert spaces. 
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Let US briefly describe the contents of the paper. In the next section we present the Hopf 
^-algebraic version of the Heisenberg-Lorentz quantum group. We begin with a description of 
commutation relations satisfied by generators d,/?, 7,(5. Formulas for the comultiplication, coin- 
verse and counit on generators are the same as in the classical case. In Section [3] we define Hilbert 
space representations of the Heisenberg-Lorentz commutation relations. We show that the tensor 
product of two such representations can be defined. Section [4] is devoted to the construction of 
the C*-algebraic version {A, A) of the Heisenberg-Lorentz quantum group. In particular we in- 
troduce four affiliated elements a,$,j,S G A^. The construction of the most difficult element /3 
is based on the idea of splitting A into parts on which /3 has a simpler form. After defining /3 
on these parts we perform a gluing procedure obtaining /3 € A^ as a result. Having constructed 
affiliated elements a, (3, 7, 5, we show that they generate A. Moreover, we note that for any repre- 
sentation TT G Rep(^; Ti) the quadruple (7r(Q;), 7r(/?), 7r(7), 7r((5)) is a Hilbert space representation of 
the Heisenberg-Lorentz commutation relations. The converse is also true: for any representation 
(a, (3, 7, 5) of the Heisenberg-Lorentz commutation relations on a Hilbert space Ti there exists a 
unique representation tt G Rep(yl;7i) such that 

7r(d) = a, it{J3) = (3, 7r(7) = 7, it{5) — 5. 

At the end of Section [4] we show that the action of A on generators has the same form as in the 
classical case. Appendices gather useful facts concerning the quantization map and the counit 
in the Rieffel deformation, the complex infinitesimal generator of the Heisenberg group and the 
product of strongly commuting affiliated elements. 

Throughout the paper we will freely use the language of C*-algebras and the theory of locally 
compact quantum groups. For a locally compact space X, Co (AT) shall denote the algebra of 
continuous functions on X vanishing at infinity. If X is also a manifold, then G°°{X) denotes the 
algebra of smooth functions on X and C^ (A) denotes the algebra of smooth functions of compact 
supports. For the notion of multipliers, affiliated elements and algebras generated by a family of 
affiliated elements we refer the reader to [TU] , [H] and [H] . The set of elements affiliated with a 
C*-algebra A will be denoted by A^ . The ^-transform oiT ^ A^ will be denoted by zt- For the 
precise definition of zt we refer to p^ . For the theory of locally compact quantum groups we 
refer to [3] and [4] . For the theory of quantum groups given by a multiplicative unitary we refer to 
[1] and [9] . For the notion of F-product we refer to [5l . All Hilbert spaces appearing in the paper 
are assumed to be separable. 

2. Hopf *-algebra level 

We fix a deformation parameter s e K. Let ^ be a unital ^-algebra generated by four elements 
d,/3,7, (5 satisfying the following commutation relations: 

a(3 — (3a 07 — ^a a5 — 5a 
j3^ = j(3 (35^ 5i3 
7(5 — Sj 
aS — (3^ — 1 

aa* — a*a — —57*7 aP* — f3*a — —s^S* aj* = 'y*a aS* — S*a 

(3(3* -(3*(3^sia*a~SS*) J3T^l*i3 (36* - d*(3 = s^a 

77 — 77 7(3 — (3 7 

SS* -,5* (5 = 577*. 

The *-algebra A was introduced in [13] where it was also proven that it admits the structure of a 
Hopf *-algebra. The action of the comultiplication A on the generators is given by: 

A{a) =a>»a + (3(ii^ ,A{(3) =a>S>(3 + $<SiS ,. 

A(7) = 7 (g) (3; -K (5 ® 7 , A((5) = 7 (g) /3 -K (5 ® (5. 



The coinverse k is an involutivc * - antihomomorphism and its action on the generators is given 
by: 

K(d) = 5 , K0) = -J3 ,^. 

k{i) = -7 , k{6) = a. 
Finally, the action of the counit on the generators is as follows: 

e(d) = 1 , 60) = 

e(7) = , e{S) - 1. ^ ' 

Note that the formulas defining co-operations on A coincide with the related formulas for the Hopf 
*-algebra of polynomial functions on SL{2, C). 

3. HiLBERT SPACE LEVEL 

In this section we define a class of representations of commutation relations ([l]) on a Hilbert 
space which will be proven to correspond to representations of the C*-algebra A of the Heisenberg- 
Lorentz quantum group (see Theorem 14. 5p . Note that the pair (a,— 57*7), satisfy the relation 
defining the lie algebra of the Heisenberg Lie group H (see Appendix [C| . The same concerns the 
pair ((5, 57*7). Furthermore in the case of invertible 7, the equation aS — (3j = 1 determines /3. 
This gives a motivation for the following definition. 

Definition 3.1. Let a,j,S be closed operators acting on a Hilbert space 7i. We say that the 
triple (5,7,(5) satisfies the Heisenberg-Lorentz commutation relations if: 

1. 7 is normal and ker7 = {0}; 

2. [a, —37*7) and (<5, 57*7) are infinitesimal representations of H; 

3. operators a, 7 and S mutually strongly commute. 



For the notion of infinitesimal representation of HI we refer to Definition IC.ll and for the notion 
of strong commutativity we refer to Definition lD.il The above definition describes representations 
of commutation relations ([T]) in which 7 is represented by an invertible operator 7. The next 
definition deals with the representations for which 7 = 0. Note that in this case it is the pair 
(/?, s{a*a — 1/5*0;)) that satisfies the Heisenberg lie algebra relation. 

Definition 3.2. Let a, (3 be closed operators acting on a Hilbert space TC. We say that the pair 
(a, /?) satisfies the Heisenberg-Lorentz commutation relations if 

1. a is normal and kera = {0}; 

2. {f3, s{a*a — l/a*a)) is an infinitesimal representation of H; 

3. operators a and /? strongly commute. 

Finally, using the fact that the image of 7 has to be in the center of any representation, we may 
assume that any representation of Heisenberg-Lorentz commutations relations splits into a direct 
sum of two representations: one with an invertible 7 and one with 7 being zero. More precisely 
we have: 

Definition 3.3. Let a,/3,'y,S be closed operators acting on a Hilbert space 7i, 7 being normal. 
By Ti.Q, Til and 71 we shall respectively denote the kernel of 7, its orthogonal complement and the 
restriction of 7 to Hi . We say that the quadruple (a, /?, 7, 5) is a representation of the Heisenberg- 
Lorentz commutation relations if a, (3 and 5 respect the decomposition Ji = Hq © Tii i.e. there 
exist closed operators aoj /3oi ^q acting on Tig and ai,(3i, 5i acting on Tii such that 

5 = (So © ai, /3 = /3o © /3i, ~5=~5o® ~5i_ 
and we have 

1. the pair (q;o,/3o) satisfies the Heisenberg-Lorentz commutation relations; 

2. oiQ and ^0 are mutual inverses: ^0 = oto^'i 

3. the triple (ai,7i,<5i) satisfies the Heisenberg-Lorentz commutation relations; 

4. h^li\ai~5i-l). 
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Remark 3.4. The product of operators in point 4 above is taken in the sense of Theorem ID. 21 It is 
a weU known fact that a representation of the Heisenberg group H can be decomposed into a direct 
integral of irreducible representations. In the case of irreducible representations the operator 7 
entering Definition 13.11 and a entering Definition 13.21 are multiples of identity. 



As was already mentioned, the class of representations defined above correspond to represen- 
tations of the C*-algebra A of the Heisenberg-Lorentz quantum group (see Theorem 14. 5[) . For 
two representations tti G Rep{A,Hi) and tt2 G Rep{A,H2) their tensor product is given by 
TT = (vTi (x) TT2) o A G Rep(A; Hi (g) H2). In the next theorem we define the corresponding tensor 
product of representations of the Heisenberg-Lorentz commutation relations. This construction 
will be crucial in the analysis of A on the C*-algebra level (see Theorem 



Theorem 3.5. Let a,f3,'y,6 be closed operators acting on a Hilbert space Ti and let a' , /3' , 7' , 5' 
he closed operators acting on a Hilbert space Ti' . Assume that (a,/3,7, 5), (a',/3',7', J') are rep- 
resentations of the Heisenberg-Lorentz commutation relations. Then the quadruple of operators 
{a" ,P" ,j" ,S") acting onTC^TC', defined by: 

5" = a a' -i- /3 (g) 7' 

7" = 7 5' -i- 5 g) 7' ^ ' 

S" = ^ (g, P' + S (g, S' 

is also a representation of the Heisenberg-Lorentz commutation relations. 
Proof. First, let us introduce some notation. For any e > 0, z G C we set 

/,(z) = — exp(-£-i|znGM+. 
ne 

Note that /^ G i^(C) for any e G R+ and the family /^ approximates the Dirac delta 

Yimjd^zf,{z)g{z)^g{0) 

where d'^z is a Haar measure on C Let V"" be an irreducible unitary representation of M on a 
Hilbert space H (for an explanation of the notation V"" we refer to the Appendix [C| . Smearing 
the family V^q with a function /^ we get the family of operators: 

L^^Jd'zf,{z)V:,,. (6) 

The following properties of the family /° will be used in the course of the proof: 

1. s-lim£^o4" = 1, 

2. Ran(4) C D(a") for any n G N, (7) 

3. lim^^o a^Ieh — a^h for any h G D{a"), 

s — lim denotes the limit in the strong topology on B{H). 

Let c,c' G C \ {0}. By Remark 13.41 it is enough to prove our theorem in the following three 
cases: 

1. Ho=n'o = {0}, 7 = cl and f = c'l, 

2. Ho = n'l = {0}, 7 = cl and a'^ = c'l, (8) 

3. Hi = H'l = {0}, fio = cl and Sq = c'l. 

The notation used above coincide with the notation of Definition l3.3l In what follows we shall treat 
case 1 leaving cases 2 and 3 to the reader. Note that the pairs (l(g)ca', — sjcc'p) and (c'Jol, s|cc'|^) 
are infinitesimal representations of H. For any z G C we define a unitary operator: 

U, = Ul%^'^'uil®^ G B(7^i ® n[). 
It is easy to check that the map 

C3 z^u, eB{ni(E)n'i) 



is a strongly continuous representation of the group (C, +). Let T be the corresponding infinites- 
imal generator. By definition T is a normal operator with a domain D(T) C Tii ® Ti.[ 

The map 

D(T) ^ {heHi(E)n[: C 3 z ^ U,h e Hi (E)n[ 



is once difi^erentiable 



and the action of T on h E D(T) is given by 



oz 



(9) 



With this definition of T we have Uz — e'^'^"^' , which explains the factor 2 on the right hand side 
of ([9]). By formula (|102p we see that 7" C T . To prove the equality 7" = T it is enough to show 
that the linear subspace D(l(g)a')nD((5® 1) C TCi^H'i (which in the case of point 1 of ([5]) is a core 
of 7") is a core of T. For the proof of this we use the family of operators I^ (i) If G B(Hi ® Ti'i)- 
It has the following properties: 

1. s-lim,_o(/|'^/f) = l> 

2. Ran(/|(g)/f ) CD(^® l)nD(l®a')> (10) 

3. lime-^o T{ll ® If')h = Th for any h G ^'(r). 

Properties 1 and 2 above are direct consequences of ^. Property 3 demands a separate proof 
which is based on formulas ^ and Q. The fact that D(l®Q;')nD(5(X)l) is a core of T is an 
immediate consequence of 1, 2 and 3, hence we have T = 7". Let us show that ker7" = {0}. 
Assume that ker7" 7^ {0}. Using the following identity: 



C/t,o®C/^, 



'..,)i"{uK^,®ui,)=^" + -z (11) 



one immediately shows that 7" has an eigenvector for any complex number. This fact and the 
normality of 7" (eigenvectors of different eigenvalues are perpendicular) contradicts separability 
of Til (g> H[. This shows that ker7" = {0}. 

Let us pass on to the analysis of the operator a" = a (8) a' -j- /3 ® 7'. Our objective is to show 
that d" is an infinitesimal complex generator of a representation of group H (cf. Definition 13. ip . 
We define an auxiliary operator 

T' = j"{c-'a®l)~c-'c'. (12) 

Note that 7" and a ® 1 strongly commute and by Theorem ID. 21 T' is well defined. It is easy to 
see that {T' , —s^"*^") is an infinitesimal representation of H. Hence, to prove that (a", — S7"*7") 
is also an infinitesimal representation of H it is enough to show that d" — T' . For this purpose 
we consider the family of operators I^ G B(7-^i ® Ti'i): 

h=I^ll®lf. 
It has the following properties: 

1. s - lime^o-^£ = 1, 

2. Ran(//) cD((5")nD(T'), 

3- r'|r{an(/,) = ""lRan(/E); (13) 

4. lime^^o T'l^h = T'h for any h G D(T'), 

5. lime_^o ct" Igrh — d"h for any h G D(a"). 

Properties 3, 4 and 5 show that T' and d" coincide on a join core, hence T' = d" . 

Similarly we prove that the operator 5" = ^ ® P' + 5 ® 5' gives rise to the infinitesimal 
representation ((5", — S7"*7") of H. To complete the proof we have to show that the operator 
/3" = d® (3' + [3^5' is equal to ^"^^{d"5" — 1). For this purpose we define the family of operators 
Je GB(Hi«)'H'i): 

J,=I?ll®lfll'. 



(14) 
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It has the foUowing properties: 

1. s — linie^o ^e = 1, 

2. Ran( Je) C D{Y~H&"6" - 1)) n D(^"), 

3. ^"lRa„(J.)=7"-^(«"^"-l)lRa„(,/.), 

4. lime^o P"Jeh = f3"h for any h G D(/3"), 

5 . lime^o 7"" Ha" ^" - 1 ) Je /i = 7"" ^ («" ^" - 1 ) ^i 
for any h £ 0(7"-! (a" ^" - 1)). 

Properties 3, 4 and 5 show that /3" and 7""^ (a" (5" — 1) coincide on a join core, therefore /3" = 
^"-\a"6" - 1). D 

4. C*-ALGEBRA LEVEL 

In this section we shall describe the Heisenberg-Lorentz quantum group on the C*-algebra level. 
It is obtained by applying the RiefFel deformation to SL{2, C) (in what follows we shall denote this 
group by G). Let us fix an abelian subgroup T d G which is used in the deformation procedure. 
We choose: 

Note that F is isomorphic with the additive group of complex numbers. In particular T and its 
Pontryiagin dual T are isomorphic. The isomorphism that we shall use is given by the following 
non-degenerate pairing on C~: 

{z,z') = exp(i3(zz')). 

Let ^ be the skew bicharacter on F ~ C given by: 

*(z, z') = exp {ij'^{zz')\ . (15) 

Using the results of Rieffel (see (Q) we know that the abelian subgroup F C G and the bicharacter 
^ on F give rise to a quantum group G = {A, A). In this paper we shall use a formulation of 
the Rieffel deformation based on the theory of crossed products that we described in [2, ■ In this 
framework the deformation procedure goes as follows. Let p : F^ — *■ Aut(Co(G)) be the action of 
F^ given by the left and right shifts of functions on G along F: 

P7i,72(/)(.9) =/(7r^572) 

where 71,72 G F, / € Co(G) and g e G. We construct the crossed product C*-algebra B — 
Co(G) yip F^. Let {B, A, p) be the standard F^-product structure on B, i.e. p is the dual action of 
F^ on B and A is the representation of F^ on B, which implements p on Co(G) C M{B): 

This F^-product will be denoted by B. Let ^ : F ^ F be the homomorphism given by ^['(7) = |7 
for any 7 e F. Using ^ we twist p getting the dual action p* : F^ ^ Aut(i?) (in [5] it was denoted 
by p*®*): 

As was shown in [5], the triple B* = (_B,A,p*) is also a F-^-product. The C*-algebra A of the 
Heisenberg-Lorentz quantum group G is defined as the Landstad algebra of B* : 

1. p|^,(fe)-6foraU7,7'ef; ] 

6eM(B): 2- themapF2 3(7,7')^A^,y6A;_^, eM(B) I ^^^^ 

is norm continuous; ( 

3. xba;' eBforallx,a;' eC*(F) CM(B). J 

Conditions 1, 2 and 3 will be refereed to as the Landstad conditions. The C*-algebra A carries the 
structure of a quantum group. All structure maps can be described in terms of the F^-product B 
but in this paper we shall rather use the fact that they are related to a manageable multiplicative 
unitary W (for the proof of this we refer to [2]). The construction of W goes as follows. Let dg be 



the right Haar measure on G and L (G) be the Hilbert space of square integrable functions with 
respect to dg. Let Rg, Lg e ^{L?'{G)) be the right and left regular representation of G. Restricting 
them to r C G we get two representations of T on L'^{G). The induced representations of C*(r) 
will be respectively denoted by tt^, tt^ e Rep{C* {T);L^{G)). Obviously * e M(C*(r) C*(r)) is 
unitary, hence operators X,Y E B(i^(G) L'^{G)) given by 

r = (7r«®7r^)(*) ^^^ 

are unitary too. Finally, the multiplicative unitary W G B(L^(G) ® L'^{G)) related to A is of the 
following form: 

W = YVX (19) 

where V is the Kac-Takesaki operator of the group G. The C*-algebra A is isomorphic with the 
C*-algebra of slices of the first leg of W (which is contained in B(L^(G)) ): 

A ^ {{Lj(E>id)W : uj e B(L'(G)),}"■""''^°™'■^ (20) 

Note that A treated as the algebra of slices of W is naturally represented on L^{G). 

4.1. Affiliated element 7. Let id : C ^ C be the identity function: id(z) = z for any z G 
C This function generates Co(C) in the sense of Woronowicz (see Definition 3.1 of [11]). Let 
TT e Mor(Co(C); Co(G)) be the morphism that sends id G Co(C)'' to the coordinate function 
7 e Co(G)''. From the invariance of 7 under the action p : T^ ^ Aut(Co(G)) it follows that tt 
satisfies the assumptions of Theorem 3.18 of [2] for the trivial action of F^ on Co(C), therefore 
it gives rise to the twisted morphism tt* G Mor(Co(C); A). We define j £ A^ as the image of 
id G Co(C)'' under tt*: 7 = 7r*(id). One can check that the z-transform z^ belongs to the center 
of M{A) and 7 treated as an operator acting on L'^{G) (c.f. ([20)) ) coincides with the operator of 
multiplication by the coordinate 7. 

4.2. Affiliated elements a and 5. Let us fix some notation. Let T be a normal element affiliated 
with a C*-algebra G. By A(z; T) we shall denote the unitary given by: 

\{z- T) = exp(i3(zr)) G M(G). (21) 

Note that the map 

C3 z^ X{z;T) gM(G) 

is a representation of the additive group C We shall denote this representation by A( • ; T). 

Let M = {B,X,p) be the F^-product introduced above and let Ti,Tr G B'' be infinitesimal 
generators of representation A : C^ ^ M{B): 

X,,,,,^X{zi,Ti)X{z2,Tr). (22) 

Note that the coordinate function 7 G Co(G)'' C B^ commutes with Xzi,z2- 

^ZuZ2l'KuZ2 =7- 

This implies that Ti , T^ and 7 strongly commute in the sense of Definition ID. II Using Theorem 
ID. 21 we construct a pair of normal elements: 'jTj', jT* G B^. Let us also consider normal elements 
a, S, 7*7 G Co(G)'' C B^i. For any (z, i) G H we define two unitaries in M{B): 

V% = X (z; a) X (z; -|7T;) A (t; -|7*7) , , . 

C/i,, = A(z;,5)A(z;-|7r;)A(i;|7*7)- ^ ^ 

Let us introduce on G two complex vector fields di and dr'. 



drfig) = 2^Rz{f){g)U^o 



^9 ^^)\[T'.r"' (24) 



for any / G C°°(G) and any g £ G [L^ and R^ in ([24]) denote operators of the left and right shift 
by an element z G F). Using di and dn we define differential operators Op(a) and Op((5) acting 
onC2°(G): 
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Op(a)=a-f7a;, 

The quantization map Q used in the next theorem is described in Appendix |Al 

Theorem 4.1. Let C/"j, C/* j £ M{B) be the unitary elements given by ([23]). Let Op(a) and Op{S) 
be the differential operators given by (j25p and A the Landstad algebra o/B* (see (J17p ). Then: 

1. U^t,Ult are elements ofM{A) C M(B); 

2. t/ie maps 

m3{z,t)^UteM{A) 
H 9 (z, t) ^ u'lt e M{A) 

are strictly continuous, commuting representations of the Heisenberg group; 

3. Let a,S G A^i be complex generators of U" and U^ . The set {Q{f) : f G C^(G)} C A is 
a common core of a.S G A'' and we have 

aQif) = Q(Op(a)/) 

SQif) = Q(0p(<5)/) ^'''> 

foranyfeC^iG). 

Proof. Let us begin by proving that U"^, C/f ^ G M(^). Let p* be the twisted dual action given 
by (fT6|) . It is easy to check that 

1- pZ,z2 i^ (^; ")) = ^ (^' pi7) A {z; a) , 

2. p* ,,^ (A (z; -|7Tr)) = A(z; -f zi7)A (z; -|7r*) , 

3- pZ,z2 (^ (^; '^)) = ^ (^; 1^27) A (z; 5) , 

4. p* ,,.^ (A (z; -I7T;)) = A(z; -f Z27)A (z; -|7r;) . 

Using these equahties and ([23]) we see that [/" j and C/f ^ satisfy the first Landstad condition (see 
(fTTll ). Let us pass on to the second Landstad condition. One can check that: 



>'zuZ2U^.tKi,z2 = Kz,~zi-/)Uft, 

\.,..2Vl.tK,,z2=Kz^Z2l)U%. 

In Section 2?!] we constructed the afBUated element 7 G A''. Its image in B"^' coincides with the 
coordinate function 7 G Co(G)'' C B'^ . Therefore, the following two maps are norm continuous: 

C2 9 (zi,Z2) - K..,z2KiK,,z2^ G MB) 

C2 3 (Z1,Z2) ^ Xz,,Z2UltK,,Z2^ G M(i?). 

for any a G A. This norm-continuity together with p*-invariance of f/"j, C/f j G M{B) implies that 

f/"(, C/f f are indeed elements of M{A). The proof that f/" and U^ are commuting representations 
of IH is left to the reader. Let us now prove the strict continuity of these representations. For 
this purpose we shall treat [/"^ and C/f ^ as operators acting on i^(G). It can be checked that the 
action of U" and U^ on L^{G) expressed in coordinates a, (5, 7 is given by: 

Uz.tfia, 1, S) = exp (-if 77) exp(i3(za))/(a - |z77, 7, S) 

UlJia, 7, S) = exp (if 77) exp(i3(z5))/(a, 7, S + |z77) ^ ' 

for any / G L'^{G). Using Theorem 4.14 of [2] we obtain: 

UiMf) - Qmj) (28) 

for any / G C^ (G) . This together with Theorem lA.ll leads to the following estimation: 

WU^Mf) Q(/)ll < c max sup dt*dfdrdf{Uy - f) 

K,k' .,1,1' <5 g£Q 



The right hand side of the above inequahty is easily checked to be convergent to zero when 
(z,t) — > (0,0), which shows that: 

hm mZtQif) - Q{f)\\ = 0- 

The density of the set {Q{f) ■ f G C^(G)} in A ensures that U" is continuous in the sense of the 
strict topology of M{A). Similarly, we prove the strict continuity of the representation U^ . 

Let us pass on to the proof of the third point of our theorem. Using equation ([27|) one can 
check that 

for any / £ C^iG). This together with ^ and (fT03)) proves the first equation of ^. The 
second formula of ((26l) is proof in a similar way. To prove that Q(C^(G')) is a core of either a or 
6 it is enough to check that the sets 

{(l + a*a)Q(/):/eCr(G)}, 
{{l + S*S)Q{f):feCT{G)} ^^^^ 

are dense in A (see Lemma rD.3|) . In what follows we shall sketch the prove of the density for the 
first of these sets. Let us first note that the set 

(1 + a*ay^Q{Cf'{G)) - {(1 + a*a)-^Q{f) : / e C^{G)} C A 

is dense in A. This follows from the density of Q(C^(G)) in A and the fact that a G A^. Let / 
be an arbitrary element of C^(G) and g E L^{G) the function given by: 

Using (|10ip we see that 

a ■ ^ 1 

ai expi^— rj ; a 

+ ^c 

One can check that g is quantizable in the sense of Theorem lA.li 2(17) G D{a*a) and Q{f) — 
(1 + a*a)Q{g). Using formula ([50)1 we can prove the existence of a sequence /„ G C^(G) such 
that 

lim dj'dt'' ar^r" (1 + Op(a)* Op(a))/„ = af 9,*'= 9™^;™' (1 + Op(a)* Op(a)).g ^ ' 

n — *co 

for any k,k',m,m' < 5. By the equations (pS)). (PT|) . Theorem (jA.ip and the closedness of d we 
get 

Q(/)= lim(l + d*a)Q(/„). 

n — 'oc 

Using the fact that / is an arbitrary smooth fmiction of compact support and Q(CJ!°(G)) is a 
dense subset of A we get: 



g= dt exp(-i) / d'z ht z, -s-7*7 t^"o/- (30) 



(i + d*d)Q(c:?°(G))"" = A 

This ends the proof of the density of the set ([^5]) for a. D 

4.3. Quantum Borel subgroup Qq. Let Go C G be a Borel subgroup of G: 

Go = |(' "p° j^-^i ") :aoGC,,/3oGC 

and ttq G Mor(Co(G); Co(Go)) be the restriction morphism to Go C G: 

Mf){9o) = /(.9o) 

for any / G Co(G) and go G Gq. Note that F C Go- Applying the Rieffel deformation to 
(Co (Go), A), based on the subgroup F we construct a quantum group Go = (Ao,A). Let Bq 
be the respective F^-product. In this section T; and Tr denote the infinitesimal generators of 
the representation A : C^ ^ M(i?o) (c.f. ([22ll l and di,dr denote the vector fields on Go defined 
analogously to (|24|) . By Theorem 3.18 of [2^ the restriction morphism ttq G Mor(Co(G); Co(Go)) 
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induces the twisted morphism of C*-algebras tt* : A —> Af) and the surjectivity of ttq imphes the 
surjectivity of tt* . Let A^ C A be the two-sided ideal generated by z^ . Invoking the centrahty of z^ 

in M(A) we have A^ — z^A . It is easy to see that 7r*(z^) = 0, which imphes that A^ C kerTr*. 
It can also be proven that kervr* C A^, hence we have the exact sequence of C*-algebras: 

-^ A^ -^ A ^ Ao ^ 0. (32) 

This sequence will be very useful in the construction oi (3 G A^. 

In what follows we shall construct an affiliated element $q G Aq, which is farther used in 
the construction of /3 e A^. Let us first mention that following the construction of 7 e A'' of 
Section |4. 11 we may introduce an affiliated element do G Aq. It is normal and invertible and its 
action on L^(G'o) is given by the multipliciation operator by the coordinate ao- Remebering that 
Co (Go)'' C Bq we shall consider ao and /3o as affiliated with Bq. Note that ag, Ti and Tr strongly 
commute. Using Theorem ID.2I we construct aoT* , a^^Ti* e Bq. For any {z,t) G H we define the 
unitary element: 

f/,^° = A (z; Po) A [z; ~'^a^'Tr) A (z; -^aoT;) A (<; ^^{\ao\-^ - laoP)) G M{Bo). (33) 

Let us also define the differential operator: 

Op(/3o) = l3o- ^«o 'cT - ^aoa;. (34) 

The proof of the next theorem is analogous to the proof of Theorem 14.11 The quantization map 
related to the quantum group Go is denoted by Qq. 

Theorem 4.2. Let Ul\ G M(_Bo) he the unitary element given hy formula psp . Then 

1. C/fj is an element o/M(ylo) C M(Bo) for any {z,t) G H; 

2. the map 

H 3 (z, t) ^ ut^t e M(Ao) 
is a strongly continuous representation of the Heisenberg group; 

3. the set {Qo(/) : / G C^(Go)} C Aq is a core of the generator /3o G Aq of representation 
U^° and we have 

PoQoif) = Qo(0p(/3o)/) (35) 

for any f G CJf (Gq). Moreover the set 

{Qo((l + Op(/3o)* Op(/?o))/) : / G Cr(Go)} (36) 

is dense in Aq. 

4.4. Affiliated element f3. Let vr^ G Mor{A, A^) be the morphism defined by the formula 
iTj{a)ay = auy for any a E A and a^ G A^. This morphism is injective, which enables us to 
treat a,"f,S G A^ as elements affiliated with A^. The injectivity of tTj follows from the implication 
{azj = 0) => {a — 0), which is true for any a G A. Note that 7 treated as an element of A^ is 
invertible, i.e. there exists a unique element 7"^ G A^ strongly commuting with 7 and such that 

77~^ — 7^^7 — 1. Moreover, elements d,(5,7~^ G A^ mutually strongly commute and using 



Theorem ID . 2 1 we define 

/3^=7-i(d^-l)GA^. (37) 

Let us introduce the differential operator: 

2 
Op(/3) = /? - '-Sd: - '-ad: + ^id^d:. (38) 

It is easy to check that the determinant relation is satisfied 

Op(a) Op(<5) - Op(7) Op(/3) - 1 

where Op(7) denotes the operator of multiplication by 7. The following lemma describes (3j in 
terms of Op(/3). 
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Lemma 4.3. Let (3^ € A^~ he the affiliated element defined above. The set 

{Q{f)z^ : / G Cr(G)} 
is a core of f3^ and for any f G C^ (G) we have 

m{f)z^ = Q(Op(/?)/)z^. (39) 

Moreover, 

{(l + /3;/3^)Q(/)z^:/eCr(G)} (40) 



is dense in A^. 



Proof. Formula (l39l) follows from equation p7|) and point 3 of Theorem l4.1l Consider the affiliated 
element T = aS — I G ^^. Let us check that T and a* a + 6*6 strongly commute: 

exp{it{a*a + 6* 6))T exp{it{a* a + 6*6)) 

— exp(jid*Q;) d exp{~ita* a) exp{it6* 6) 6 exp(^it6* 6) — 1 (41) 

= exp(iis7*7) dexp(— 1^57*7) 6 — 1 = T. 



T' ={l + T*T)cxp{~a*a-6*6)eA'!. (42) 



Using Theorem ID . II we define 

The equality: 

exp(— d*d — 6*6) = exp(— dd* — 66*) 
implies that 

T' = 2exp(— d*d — 6*6) + d*dexp(— d*d)(5*(5exp(— (5*(5) 
— dexp(— d*d)(5exp(— (5*(^) — d* exp(—aa*)6* exp{—6*6). 
All factors of the above sum belong to M(A^), hence T' G M{Ay) . Note that 

T'D(T*T) = exp(-d*d-(5*(5)(l + r*r)D(r*r) == exp(-d*d - <5*(5)A^ (44) 

and the right hand side of (^^ is dense in A^ . Using the boundedness of T' and the density of 
D(T*r) in A.y we conclude that the set T'Q{G^{G))z^ is also dense: 



(43) 



-IMI 



T'Q(Cr(G))zV =A- (45) 

Let a = exp(-d*d - 6*6)Q{f)zj for some / G Cf{G). Using formula (jlOip from Appendix [C] one 
can check that there exists a sequence /„ G C^(G) such that 



^lA; o^A;' OTM C)*rn' J" ^ oA a*A:' am o*m' 



hm 9f 9;* 5™9;" /„z^ = d^'dr ^r^™ exp(-d*d - (5*<5)/z^ 

n— *oo 

lim af 9;'='9;"9;"'(1 + T*T)fr,z^ = d^dfd^d;"''{l + T*T) exp(-d*d - 6*6)fz. 



for any fc, k' , m, m' < 5. Representing A on L'^{G), we treat T = d(5 — 1 in the above formula as 
an operator acting on L'^{G). Let us also mention that the convergence is in the uniform topology 
on Co(G). Using ([46]), Theorem [A. II and the closedness of 1 + T*T we see that 

(1 + T*T)a = lim (1 + T*T)Qif„)z^. (47) 

n — >oo 

Combining ([45l) and (|47)) we get 

(i + r*r)Q(c:;°(G))zV''" = A- 

Noting that /3^ = 7^^r and using Lemma [0.51 we get 



(1 + /3;/3^)(l + |7|-2)-iS(Cr(G))z^"'" = A^. (48) 

Finally, the inclusion: 

(1 + \ir)-'Q{CT{G))z^ c Q{CT{G))z^ 
and equation (j48|l shows that 

■II 



(l + /3;/3^)Q(Cr(G))z^ =A^ 
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This implies that Q(CJf (G'))z^ is a core of /3^ (c.f. Lemma |D.3|) which ends the proof of our 
theorem. D 

Using (3^ € A'i defined above and Po S ^o defined in the previous section, we construct an 
affihated element (3 £ A^. Heuristically speaking, it is a gluing of (3^ and $o. 

Theorem 4.4. Let Op(/3) be the differential operator (|38p . There exists an affiliated element 
13 £ A'I such that the set {Q{f) : / € C^(G)} is a core of (3 and 

mi) = Q(0p(/3)/) (49) 

for any f £ Cf{G). 

Proof. Let Graph /3^ £ A'I be the graph of the affiliated element /3x^ . It is easy to check that the 

is a graph of a closed operator acting on A. This operator will be denoted by (3. Let us list some 
properties of Graph /3: 

1. Graph /3 C A © A is a submodule of a Hilbert A- module A(B A; 

2. For any / £ C^(G) we have (g(Op[j)j)) ^ Graph/3; 

3. Let (Graph /3)^ be the submodule perpendicular to Graph /3: 



(Graph /?)- 



I : c*a + c*a = for any / I £ Graph /3 > . 



For any / £ C^(G) we have ( ^^^?1?*-^M e (Graph /3)-^- 



Q(/) 



■11-11 



4. {Q((l + Op(/3)* Op(/3))/) : / £ C^ (G)}" = A. 

Properties 1, 2 and 3 are consequnces of the definition of (3 and Lemma [4.31 In what follows we 
shall prove the last of the above properties: 

-IMI 



{Q((l + Op(/3)* Op(/3))/) : / £ Cr (G)}" = A. 
Let a e A. Using (|551) we can see that there exists a sequence /„ £ C^{Go) such that 

^o*(a) = hm Qo((l + Op(/3o)* Op(/3o))/„). (50) 

n — >oo 

Let /„ £ C^(G) be an extension of /„ to the whole group G and let ttq, tt* be the morphisms 
introduced in Section 14.31 It is not difficult to check that 

. 7r„*(Q(/)) = Qo(^o(/)), 
. 7ro(Op(/3)/) = Op(/3o)^o(/) 

Using these equalities and ((50l) we see that 

lim ^o*(a - Q((l + Op(/3)* Op(/3))/„)) = 0. (51) 

n — ?oo 

The exactness of sequnce ([5^ ensures that for any e > there exists n 6 N and a-y £ A^ such 
that 

||a - Q((l + Op(/3)* Op(^))/„) -a4< e. (52) 

Equality ([3D]) implies that there exists a function / £ C^(G) such that 

||a^ - Q((l + Op(/3)* Op(/3))/)z^|| < £. (53) 

Combining ([5^ and ([55)1 we get 

\\a ~ Q((l + Op(/3)* Op(/3))(/„ + /z^))|| < 2e. 
This ends the proof of point 4 of our list. 
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Using the properties of Graph (3 one can check that it satisfies all the assumptions of Proposition 
2.2 of [12]. This Proposition guaranties that (3 G A^ . It is easy to check that so constructed /3 
satisfies all the requirements of our theorem. 

n 

4.5. Representation theory of C*-algebra A. The results of Appendix [Bl applied to the C*- 
algebra A of the Heisenberg-Lorentz quantum group G show that the representation theory of A 
can be equivalently described by the corepresentation theory of the dual quantum group G. For 
a given representation ttc/ S Rep(^; Ti.) the corresponding corepresentation U.,^ G M(/C(iJ) ® A) is 
given by 

U^ = (ttc/ ® \d)W (54) 

where W G M(A ® A) is the multiplicative unitary of G. 

Theorem 4.5. Let {ex., /3, 7, 5) he a representation oj the Heisenberg-Lorentz commutation relations 
on a Hubert space Ti. (c.f. Definition \3.3\) . There exists a unique representation tt G Rep(A;7i) 
such that: 

7r(a) — a, 7r(/3) — /?, 7r(7) = 7, 7r(^) = 5. (55) 

Moreover, for any tt G Rep(A;7i) the quadruple (7r(d), 7r(/3), 77(7), 7r((5)) is a representation of the 
Heisenberg-Lorentz commutation relations. 

Proof. We shall start by fixing some notation. Let w G C \ {0} and 5^, G G be given: 

w- 



^"' ' -w 
For any normal, invertible element n, acting on a Hilbert Ti we define the unitary operator S{n): 

S{n) = I dE"{w) ® i?g„ G B{n L^{G)) (56) 

where _E" is the spectral measure of n and Rg^^, G B(i^(G)) is the right shift by gw Let E^ be the 
spectral measure that corresponds to the representation F 9 7 k^ _R-y G B(L^(G)) via the S.N.A.G. 
theorem. For any infinitesimal representation (a, A) of H on a Hilbert space Ti we introduce the 
unitary operator R{d) G B(7i (g) L^{G)): 

R{h) ^ f U~°L^a® dE^{z). (57) 



Let us pass on to the main part of the proof. An immediate consequence of Definition 13.31 is 
that it is enough to consider two cases: 

1. 7 = 0; 

2. ker7 = {0}. 

We give the proof for the second case leaving the first one to the reader. Using Theorem ID. 21 
we define two closed operators a7^^,(57^^ acting on Ti. Note that ((57^^,— s) and ((57^^, s) are 
infinitesimal representations of H. Using the notation introduced above we define the unitary 
operator U (^^{71® L^{G)): 

U = i?(^7-i)5(7)i?((57-i) (58) 

which we will prove to be a corepresentation of G. Let A G Mor(C*(G); C*(G) ® C*(G)) be the 
canonical comultiplication on C*(G). Note that 



(id ® A)rC5j-^) = / [/!!+,,) ® dE"{z) dE"{z' 



7-^ 

(z+z'),i 

exp (-z^3(z?)) uIIqUIi^'^ ® dE^{z) dE^{z') ^^^^ 

= X^sR{6r')i2R{Sr')i3- 
The unitary element X G M(C*(G) C*(G)) used above: 

X ^ f exp (ij^izz')) dE^{z) ® dE^{z') (60) 



14 P. KASPRZAK 

is the one that twists A, giving comultipUcation A* of G (see Theorem 4.12 of [5]): 

A*(a)=XA(a)X* (61) 

for any a e C*(G). Similarly we check that 

(id A)R{aj-^) = R{a^-^)i2R{aj-^)i3X23. (62) 

Moreover, the formula A(Z^) = Z^ ® Z^u implies that: 

(id ®A)^(7)=. 5(7)125(7)13. (63) 

Using equations ([59|l . ((62|l . ((63|) . the fact that the first legs oi R{aj^^), R{6j~^) and 5(7) commute 
and formula (|6ip we get: 



(id ® A*)L/ = X23(id A)(i?(57-i)5(7)i?(a7-i))X*3 

= X23X*3i?(^r')l2i?(^7'')l35(7)l25(7)i3i?(fi7"')l2i?(57~')l3^23^2*3 
= i?(^r')l25(7)l2i?(«7"')l2i?(<^r')l3^(7)l3i?(57"')l3 = C/l2f/l3, 

which shows that f/ is a corepresentation of G. Let ttu G Rep(A; H) be the corresponding rep- 
resentation of C*-algebra A. The next step is to prove that iru is the representation n of our 
theorem: 

TTu{a)=a, 7Tu0)^l3, Tru{l)=l, Tru{S)^S. 
Treating a, 7, J £ A^ as closed operators acting on L'^{G) (in particular 7 is an invertible operator 
of multiplication by the coordinate 7) one can prove that the multiplicative unitary W is given by 

l? = i?(57-i)5(7)i?(d7~i). (64) 

It can also be proven that 

W*{1 ® exp(zS(z7))^ = Uf^fuif, 

which implies that 

t?*(l07)M7 = d®7 + 7«)<5, /ggN 

t/* (1 7)[/ = (5 ® 7 + 7 (g) <y. 

Applying ttu ^ id to both sides of the first of these equations and using ([M]) we get 

T^uia) 7 + 7r[/(7) (X)(5 = (507 + 7iX)i5. (67) 

Let TT* G Moi{A; Aq) be the morphism introduced in Section l¥751 It sends 7 to and S to the 
normal element (5o = (ip ^ G Aq. Applying id ® tt* to both sides of (|57|) we get 

7rc/(7)«"5o = 7«"5o- (68) 

This immediately implies that T^uil) — 7- From this equality and (j67p we see that 7r[/(a) = a. 
Now using ([5^ and ([M|) we get 

i?(7r[/(<5)7-')=^(^r')- 

The equation ([ST]) together with the fact that the support of the measure dE^ is the whole complex 
plain implies that Trij{S)j~^ = Sj~^, hence 7r[/(5) = 6. Finally, i^uiP) = P which is a consequence 
of the related equalities for d, 7 and 5. 

The fact that for any representation tt G Rep(A; 7i) the quadruple (7r(d),7r(/3),7r(7), 7r(^)) is a 
representation of Heisenberg-Lorentz commutation relations follows directly from the definitions 
of affiliated elements d, /3, 7, J G A''. D 

The above theorem implies the following 
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Corollary 4.6. Let A he the C* -algebra of the Heisenberg-Lorentz quantum group. Then the 
generators a,P,j,6 € A^ separate representations of A, i.e. if tti and tt2 G Rcp(y4;7-^) coincide 
on a, (3,^, 5: 

7ri(a) = TT2{a.) , 7ri(/3) = 7r2(/3) , 771(7) = t^2{i) , 7ri((5) = tt2{5) 
then TTi —1^2. 



4.6. d,/?,7, (5 generate A. By Corollary 14.61 we know that affiliated elements a,/3,7,(5 G A'' 
separate representations of A. The aim of this section is to prove that they generate A in the 
sense of Woronowicz. For this purpose we shall use the following theorem which is a consequence 
of Theorem 4.2 of llj. 

Theorem 4.7. Let Ti,T'2 ■ ■ ■ ,Tn he elements affiliated with a G* -algebra A. Let D, be the subset 
of M{A) consisting of elements of the form [l-\-T*Ti)^^ , {\-\-TiT*)^^ , exp{—T*Ti), ex.p{—TiT*). 
Assume that 

1. Ti,T2 . . . ,Tn separate representations; 

2. there exist elements ri, r2, . . . , r^ S fJ such that rir2 . . .r^ E A. 
Then Ti,T2, . . . ,Tn generate A. 

Theorem 4.8. Affiliated elements a,P,j,S generate the C* -algebra A of the Heisenberg-Lorentz 
quantum group. 

Proof. From Theorem 14.71 and Corollary 14.61 we see that it is enough to prove that 

(1 + /3*/3)"i exp(-a*d) exp(-(5*J), 
which is an element of M{A), belongs in fact to ^ C M{A). For any 5 G G we set 

cosh^ (§77) V ^^^ J 

Let ht be the family of functions defined by (jlOOp . A straightforward computation shows that 

f{g) ^ fd^zid^Z2 hi (zi, -^l7l') hi (22, ^|7l') exp(z3(zia)) exp(i3(22<5)). (69) 

One can check that the functions cxp(— I7P) exp(i3'(0iQ;)) and exp(— I7P) exp(i3(z2<5)) are quan- 
tizable in the sense of Theorem IA.4I and 

Q(exp(-|7|2)exp(i9(zia))) = exp(-|7|2)C/«o, 

Q(exp(-|7|2)exp(z3(z2<5))) = exp(~|7n[/f,o. ^ ^ 

Using dMD, dTD]) and pHT]) we get 

Q(/) = exp(-a*d) exp(-r J). (71) 

Let us define two auxiliary functions ki,k2 : G ^ C: 

^'^'^ ^ YTW^^'^' (72) 

fc2(ff) = /-(l + Op(/3)*Op(/3))A:i. 

They satisfy the assumptions of Theorcm lA.ll hence we can quantize them obtaining Q(fci), 2(^2) G 
A. Combining ((TTI) and ^^ we see that 

(1 + /3*/3)-i exp(-a*d) exp(-r<5) = (1 + P* Pr^QU)) 

= (1 + /3*/3)-iQ((l + Op(/3)* Op(/3))fci + k2) 
= (1 + /3*/3)-iQ((l + Op(/3)* Op(/?))fci) + (1 + /3*/9)-iQ(fc2) 
= Q(fci) + (l + /3*/3)-iQ(fc2). 
Both factors of the above sum belong to A, therefore (1 + (3* $)~^ exp(— d*d) exp(— (5*5) £ A. D 
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4.7. Comultiplication. 

Theorem 4.9. Let G — {A, A) be the Heisenberg-Lorentz quantum group. Then the action of A 
on the generators a, (3,^,6 G A^ is given by 

A(a) =Q!®a + /3®7 
A(/3) =a®$ + $(SS 
A(7) =7(g)d: + ,5(g)7 
A((5) =7(g)/3 + (5«)(5. 

Remark 4.10. The affiliated elements appearing on the right hand side of the formula for comul- 
tiphcation ([75)1 are treated as closed operators acting on L?{G) ® L^{G) and the sign + denotes 
the closure of the sum of two operators (see also Theorem [ 



Proof. In this proof we shall use the notation of the proof of Theorem l4.5l Let a, /?, 7, S denote the 
right hand sides of (j73p . By Theorem 13. 51 (a, /3, 7, 6) is a representation of the Heisenberg-Lorentz 
commutation relations on L?{G) ® L^{G) with invertible operator 7. Using the fact that 

(A ® id)W = 1^23 W^ia 
and correspondence (|54p we conclude that our theorem can be deduced from the equality 

W^23^i3 = R{5r^)S{^)R{aT^), (74) 

which we prove below. From equation (|64p we can see that: 

Wi3 = i?(<57-i ® 1)5(7 ® l)R{aT^ ® 1), .75^ 

Therefore, the right hand side of ([7^ has the following form: 

i?(l ® 5T'^)S{1 ® 7)i?(l ® a^-'^)R{5^-^ ® l)S{^ ® l)R{a^-^ ® 1). (76) 

Using the fact that R{\ ® a^^^) commutes with R{S^~^ ® 1) we can see that ([75]) is equal to 

R{1 ® Sj-'^)S{1 ® 7)i?((57-i ® l)i?(l ® a7"i)S'(7 ® l)R{aj^'^ ® 1). (77) 

Formula ([72]) and the analogous formula related to S imply that 

a7^-^ ® 1 — 57^-^ + 7^-^(7^"^ ® 7), 
1 ® 5j~^ = ^7~i -i- 7"H7 (X" 7~^)- 

Using these equalities and the fact that (|76|) is equal to W23W13 we get: 



(78) 



l?23W'i3 = i?(^7~^) exp(-i3(7-i(7 ® 7-I) ® Tr))S{l ® j)R{S^-^ ® 1) 
X R{1 ® aj-'^)S{j ® 1) exp(-i3(7-H7"^ ® 7) «) rr))i?(a7-^). 



(79) 



Noting that 

R{Sj-^ ® l)i?(l ® a7~i) = exp(-i5(7(7"i ® 7-^) ® T^)) 
and using equation ((79)) we see that to in order to prove equality (|74p it is enough to check that 

5(7) = exp(-z3(7-i(7 ® 7"') ^ Tr))S{l ® 7) , . 

X exp(-i3(7(7"i ® 7-I) (g) r^))S'(7 ® 1) exp(-i3(7-i(7-i 07)® T^)). ^ ^ 

Operators 7, 1 (8) 7, 7 1 which appear in the above expression are normal and they strongly 
commute. Therefore, to prove (l80l) it is enough to check that 



5(w) = exp(— i5(w ^vw ^Tr))S{w)e'xjp{—i^(uv ^w ^Tr))S{v)eicp{—i'^{u ^v ^wTr)) (81) 
for any m, ii, w e C \ {0}. Noting that 

Siw) = Z^, exp(iS(zT,)) = i?„ (82) 
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where Zyj and R^ were defined in the proof of Theoreni l4.51 we see that equation (|8ip is equivalent 
to the following matrix identity: 

u^^ \ — ( ^ -~vu~^w~^ \ f ^ ^~^ \ f ^ —uv~^w~ 
-u ) [ 1 [ -w [ 1 



X 



V \ f 1 —wu V 



Its verification is a straightforward computation which is left to the reader. D 

Appendices 

A. Quantization map 

Let Q be the quantization map introduced in Definition 4.13 of paper [2]. Recall that Q was 
defined on elements of the Fourier algebra J-: 

T ={{u}® id)y : Lo e B{L^{G)).,} 

and Q{{uj ® id)y) — [uj® id) 14^, where V is the Kac-Takesaki operator of a locally compact group 
G and W is the multiplicative unitary related to a Rieffel deformation of G. Given a function 
/ £ Co(G) it is usually difficult to check ii f € T, which makes Q not very useful. In the case of the 
Heisenberg-Lorentz quantum group we shall give a new description of the quantization map which 
does not posses the aforementioned drawback. Q will be defined on a different class of functions 
but when the function happens to be an element of J- then the new definition will coincide with 
the old one. In fact our construction works in the case of the Rieffel deformation with F = C 
Consider two representations of F C G on L^ (G) : 



(83) 



T3-/^R^e B{L^{G)), 
T3-/^L^eB{L^{G)). 

Let Ti and T^ be infinitesimal generators of these representations: 

Ry = exp{iQ{jTr)), . . 

L, = exp(z3(7rO) ^ ^ 

for any 7 G F. The related complex vector fields on G will be denoted by di and dr (see equation 
([24ll l. Now consider two differential operators Ki = {l + T^Tif and Kr^{l + T*TrY acting on 
L^{G). Note that Ki and Kr are positive, invertible and their inverses Kj^^,K^^ are bounded. 

Let x,y,v,w G L'^{G) and assume that x,y,w G T){Kr) and v G T){Ki). Our next objective is 
to compute the matrix element {x i^v\W \y i^w). Note that 

{x(g>v\W\y(g)w)^(KrX(E)Kiv\ {K;^ ® K-^)YVX{K-^ ® K;:^) \ Kry ® Krw). (85) 

Let TTRjTTL G Rep(Co(C);L^(G)) be representations of Co(C) which send id G Co(C)'' to Tr and 
Ti respectively. We have the following two equalities: 

X{K-'^ (E) K-^) = (TTfl (g) TTn){{K-^ <E) X^^)*) (86) 

{K-^ ® K-^)Y = {^R ® t^l){{K-^ ® K-^W), (87) 

where _R' : C ^ M is the function given by the formula: 

K{z)^{l + \z\^f 

and * G M(Co(C) ® Co(C)) is defined by ^. Let / : C^ ^ C be the function given by: 

exp(-z3(ziu;i + Z2W2 ~ JW1W2)) 



'^"^'"^^^7''^''^ {i + \z,mi + \zA-Y ■ 

Note that I G L'^(C^) and the right hand side of (I86p can be expressed by I: 
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We have a similar formula for the right hand side of (IST)) : 



^(^) = / dz ,^ , „„2i ,2^2 - (90) 



Let / = (wa;,y (X) id)F £ Co(G) be the slice of the Kac-Takesaki operator and h e Co(C) the 
function given by: 

exp(i3(u'z)) 

■(1 + S"2|z|2)2 

Let tt'^™ G Rep(Co(G) x C^;i^(G)) be the representation introduced in Remark 4.5 of [2] and 
A^,A^ e Mor(Co(C);Co(G) x C^) the morphisms introduced in the paragraph following Propo- 
sition 4.2 of 2J. A simple but tedious computation which starts with entering (|88|) and ([89| into 
([85|) leads to the following equality: 

( a; (gi V I M^ I y (g) w ) 
Denoting 

A^(/i)((i + a;a,)2(i + araoV)A^(/i) e m(Co(g) x c^) 

by bf we get 

{x®v\W\y®w)^ j dPwiCpW2{v 1 7r='^"(p*,,„, (6/)) | w). (91) 

If 6/ happens to be in the domain of (£* - the averaging map with respect to the twisted dual 
action p - then, in the formula (|9ip we can enter the integral under the scalar product obtaining 

{x®v\W\y®w)^{v\TT''^''(j(fwid'w2pl^^^,{hf)\ \w). (92) 

Equation ([92]) may then be rewritten as follows: 

Q(/)=7r-(£*(&/))- 

Let us show that this last equation holds whenever / is regular enough. In the next theorem 
we shall keep the same notation T; and T^ for normal operators acting on L'^{G) (see (|M|) and 
elements affiliated with Co(G) x C^ (see 



Theorem A.l. Let di, dr be the complex vector fields on G given by (|24p and f G Co(G) a contin- 
uous function such that df*df'd*"'dff G Co(G) whenever k, k' , I, I' < 5. Let bf G M(Co(G) x C^) 
be the element given by 

bf = A^(/i)((i + 9;a,)2(i + dtdO'Dx'^ih). 

Then bf is in the domain of the averaging map (£* and there exists a positive constant c such that 

||C:*(5;)|| < c max sup dtdfdrdff 

k,k' ,l,t'<b g£G 

If f (z Co(G) is quantizable in the sense of Definition 4.13 of [2], then 

Q(/) = ^-(e:*(/)). 

To prove the above theorem we shall need the following lemma: 

Lemma A. 2. Let X be a locally compact HausdorfJ space, p : C — > Aut(Co(X)) a continuous 
action and (Co(X) x C, A, p) the canonical C-product associated with p. Let d, d* be the differential 
operators acting on the smooth domain D°°(p) C Co{X) of the action p: 

•5/ = -o^Pzf\z=t) ,gg, 

d*f = ^pJU^o ■ 
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Further, let h G Co(C) be the function defined by (|90p and let g £ Co{X) be such that d*^d*'g G 
Co(C) for k,l £ {0, 1}. Then \{h)g is in the domain of the averaging map £ and there exists a 
positive constant c 6 M such that: 

\\^{\{li)g)\\ < cmax sup \d*^d''g{x)\. (94) 

Proof. By universal properties of the group C*-algebra C*(C) A £ Rep(C; Co(X) x: C) corresponds 
to a unique element of Mor(C*(C); Co(X) x C), which will also be denoted by A. Identifying 
C*(C) ^ Co(C) we can apply \tohe Co(C): A(/i) G M(Co(X) x C). 

In order to show that X{h)g is in the domain of the averaging map D(€) it is enough to express 
it as a linear combination of elements of the form 

A(/ii)6A(/i2) (95) 

where hi,h2 e Co(C) n ^^(C) and 6 G Co(X) x C (see |5]). Let T r] Co{X) xi C be the image of 
id G Co(C) under A G Mor(Co(C); Co(X) x C): T = A(id). Note that 



(96) 



xCh)g = A(%(1 + T*T)(1 + T*Ty^ 

= A(%(1 + T*T)-^ + X{hz)gT{l + T*T)-^ + \(h)d*gT{l + T*Ty'^ 

where we used the relation linking d* and T*: 

d*g^[g,T*]. 

Note also that (1 + r*T)-i = A((l + |zp)-i), (1 + |z|2)-i g ^^(C) and 

m=X{{l + \7f)h){l+T*T)-\ 

Therefore, the first summand of the right hand side of ([96| is of the form 

A(%(1 + T*T)-' = A((l + \z\^)mi + r*T)-\g)A((l + \z\^)-'). 

Using the fact that h is of the Schwartz type we can see that the above element is of the form 
([55)1 . Now, by inequality (10) of paper [5] we get 

||<£(A(%(i + r*r)-i)|| < II/1II2 ||.g|| 11(1 + izH-^lb 

and see that \\^{X{h)g{l + T*Ty^)\\ may be estimated by the right hand side of dMl) for c' big 
enough: 

||£(A(/i).9(l + T*T)-^)\\ < c' max sup \d*^d''g{x)\ (97) 

t,k<ixex 

Let us analyze the second summand of the right hand side of ([TO)) . Note that 

XChz)gT{l + T*T)-^ = X(h\z\'^)g{\ + T*T)-^ + X{hz)dg{\ + T*T)-^ . 
A reasoning similar to the one above shows that there exists a constant c" such that 

\\(t{X{hz)gT{l + T*T)-^)\\ < c" max sup \d*^d''g{x)\. (98) 

Similarly, we prove that there exists a constant c'" such that 

\\€{X{h)d*gT{l + T*T)-^)\\ < c"' max sup \d*^d^g{x)\. (99) 

Combining ^, ^, ^ and ^ we get dMl) for c = max{c', c", c"'}. D 

Remark A. 3. The above lemma is also true if we replace € with £*. An extension of this lemma 
to the case of an action of C^ leads to the proof of the Theorem lA.ll 

Using the techniques of the proof of Lemma IA.2I one can also prove the following theorem: 



Theorem A. 4. Let f e Cboundcd(G) be a function such that 9f*9f' 9*™9™'/ £ Cbounded(G) 
whenever k,k',lj' < 5. Let bj G M(Co(G) x C^) be given by: 

bf = A^(/i)((l + d:drf{l + d^dlff)\''{h). 

Then bf G D(€*), €^{bf) G M(yl) and there exists a positive constant c such that 



||€*(6;)|| <c max sup dtd^'ordff 



'geG 
The element £*(6/) G M{A) appearing in the above theorem wiU also be denoted by Q(/). 

B. COUNIT IN RiEFFEL DEFORMATION 

The aim of this section is to show that a quantum group G obtained by the Rieffel deformation 
posseses a counit. Our argument will be different from the one given by Rieffel in 8\. Let G be a 
locally compact group, F C G its abclian subgroup and ^ a 2-cocycle on T. Let p be the action of 
r^ on Co(G) given by the left and right shifts and pr corresponding action of T^ on Co(r). Note 
that the restriction morphism 7rr : Co(G) — > Co(r) is F^-covariant. Using Proposition 3.8 of [2] 
we get the induced morphism tt* G Mor(Co(G)*; Co(F)*). The abelianity of F implies that the 
dual quantum group of (Co(F)*,A) is just the standard quantum group (C*(F), A). Therefore 
(Co(F)*, A) coincides with (Co(F), A). This shows that tt* G Mor(Co(G)*; Co(F)) and enables us 
to define a counit e for G by the formula e(a) = er(7rp (a)) for any a G A, where er : Co(F) -^ C 
is the counit for (Co(F), A). 

Let us now draw an important conclusion from the existence of the counit for Q. By Proposition 
5.16 of [9] we see that the universal dual quantum group of G = (C*(G), A*) is isomorphic with 
the reduced dual: G — (^, A). In particular, representations of C*-algebra A are in one to one 
correspondence with representations of quantum group G. This follows from Theorem 5.4 of [S]. 

C. Complex generator of Heisenberg Lie algebra 

Let H be the Heisenberg group, t) its Lie algebra and £ the enveloping algebra of f). f is 
generated by an element a G £ such that the commutator A — [a*, a] is central in £. Let ^ be a 
C*-algebra and let U G Rep(]HI; A) be a representation. As was described in the third chapter of 
[TUj, U induces the map 

dU : £ -^ {closed maps on A}. 

By D°°{U) we shall denote the set of [/-smooth elements in A. In the next definition we shall 
identify a representation of H in the C*-algebra of compact operators /C(7i) with the corresponding 
Hilbert space representation. 

Definition C.l. Let H be a Hilbert space and let (a, A) be a pair of closed operators acting on 7i. 
We say that this pair is an infinitesimal representation of H on 7i if there exists a representation 
U G Rep(H; IC{H)) such that dU{a) = d, and dU{X) = A. 

The representation U in the above definition is determined by a, therefore in this context U will 
be denoted by t/". Let U G Rep(]HI; C*(]HI)) be the canonical representation of H. The map dU is 
in this case injective, which enables us to identify dU{T) with T E £. The aim of this section is to 
show that a G £ is affiliated with C*(IHI). In fact one can prove that a generates C*(]HI) in the sense 
of Woronowicz but we shall not use and so not prove this fact. Let M G £. The criterion for a 
map dUiM) : B{dU{M)) -> C*(H) to be afiihated with C*(H) is provided by Theorem 2.1 of [10]. 
Our proof that a77C*(IHI) uses a different technique which is based on the explicite construction 
of the semigroup R+ 9 f i-> exp(-to*a) G M(C*(H)). 

Theorem C.2. Let a be the complex generator of the algebra £. Then a is affiliated with C*(E1I). 

Proof. For any z G C, a; G M and t G M+ we set 

, , , xexptx f |zpxcothte\ ^ ,_,^^, 
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Let us define an element Ht G M(C*(IHI)) by the formula: 



d^zht { z,-X] Uzn. 



Ht 



To be more precise, one can check that for any b G C*(IHI) and / G C^(C) the integral 

1 



d^zht [z,-X]U,,af{X)b 



exists in the norm sense and the following inequality holds: 



1 



d'zht[z,-X]U,.flfiX)b 



<\\fim\ 



Hence Ht is well defined on the elements of the form f{X)b and by the above inequality it can be 
extended to the whole C*(IE1I) giving a selfadjoint element of M(C*(]HI)). Let us list some properties 
oiHt. 

1. The map R+ 3 t ^^ Ht & M(C*(]HI)) is a norm-continuous semigroup and \\Ht\\ < 1. 

2. limt^o Htb = b for any b G C*(H). 

3. For any b G D°°(C/) the map M_|- 3 1 1-^ Htb is differentiable and 



I-.' 



— —a*ab. 



t=o 



The point 1 of this list enables us to define the element S G M(C*(]HI)): 

S = / dt cxp(-i)iJf. 

Using point 2 and 3 we can check that for any b G D°°([/) we have Eb G D°°(C/) and 

{l + a*a)Eb = b. 



•II 



This shows that (1 + a*a) D°°(C/) = C*(H), which is sufficient for a to be affiliated with C*(H). 
This last statement follows from Proposition 2.2 of [12]. D 

Remark C.3. Let ?i be a Hilbert space. Analyzing the above proof one can conclude that given 
any representation tt G Rep(C*(IHI); H), a compactly supported function / G Co(C) and w G 7i we 
have 



exp(-i7r(a)*^(a))^(/(A))/i = / d'zht z, -7r(A) Tr{U,,of{X))v 



1 



(101) 



where the integral on the right is taken in the sense of norm topology on Ti. Let us also note that 
given any w G 7i such that the differential 

d 



dz 



exists, we have v G D(7r(a)) and 



'n'{Uz,o)v 



d 



Tr{a)h = 2--n{Uz,o)v 
oz 



z=0 



(102) 



Further, let B be a C*-algebra and tt G Mor(C*(H); S). For any b £ B, such that the differential 

d 



d. 



exists, we have b G D(7r(a)) and 



-AUz.,a)h 



d 



z=Vl 



n{a)b = 2—Ti{U,,o)b 



z=0 



(103) 



D. Product of affiliated elements 

Let ^ be a C*-algebra, and Ti, T2 77 A. In general, the product of Ti and T2 is not well defined, 
but it can be defined, assuming that Ti and T2 commute in a good sense. The construction of the 
product given here is a generalization of the case when A = Ai ^ A2, Ti = Si ® 1 and T2 = 1 ® S2 
where Si r/ Ai and 821] A2, in which the product of Ti and T2 is the tensor product construction 
Si ® S2ri Ai (S^ A2 which was described in [10] . 

Definition D.l. Let A be a C*-algebra and let Ti,T2 be elements affiliated with A. Let zi, Z2 & 
M{A) be z-transforms of Ti and T2 respectively. We say that Ti and T2 strongly commute if 

Z1Z2 = Z2Z1, (104) 

Z*Z2 = Z2ZI (105) 

Let Ti and T2 be a pair of closed operators acting on a Hilbert space Ti. We say that Ti and 
T2 strongly commute if they strongly commute as elements affiliated with the algebra of compact 
operators 1C{TL). 

Theorem D.2. Let A he a C* -algebra and let Ti, T2 rj A be a strongly commuting pair of affiliated 
elements. Let us consider the set D(ro) = {a e E)(r2) : T2a e D(ri)} and define the operator 
To : D(ro) -^ A by the formula Tqo = Ti{T2a). Then Tg a is closable operator acting on the 
Banach space A and its closure Tq' is affiliated with A. This closure will be denoted by T1T2. We 
also have T1T2 = T2T1. 

Proof. We define T1T2 using the method described in Theorem 2.3 of [12^. The related matrix 
Q e M(A) M(C2) is of the form: 

Q ^ Al - ^1*2:1)^(1 - 4^2)^ -Ztz2 

\ Z1Z2 (l - ZizD^l - Z2Z2) 

(compare with the matrix Q from the proof of Theorem 6.1 of [TD]). Q satisfies all the assumptions 
of Theorem 2.3, hence it gives rise to an affiliated element. We leave it to the reader to check that 
this affiliated element is T E A^ of our theorem. D 

For the needs of this paper we shall prove the following lemmas. 

Lemma D.3. Let A be a C* -algebra, T an element affiliated with A and X a dense subspace of 
D(T). Then : 

(1) if {1 +T*T)2 X is dense in A, then X is a core of T ; 

(2) if X d D(T*T) and (I + T*T)X is dense in A, then X is a core of T . 

Proof. It is easy to see that for any dense subspace X' C A the set (f + T*T)^2X' is a core of T. 
Taking X' = (1 +T*T)2X we get the proof of point (f ) of our lemma. To prove point (2) note 
that {l + T*Tyix' is dense in A whenever X' is dense in A. Applying this to the set {l-\-T*T)X 
of point (2) we see that (1 + T*T)^X is dense in A. Using point (1) we conclude that X is a core 
of T. D 

Lemma D.4. Let Ti,T2 G A'' strongly commute and let X C A be a dense subspace. Then the 
set 

(I + iTiT2)*{TiT2)){l + T*Ti)-\l+T;T2)-^X 
is dense in A. In particular (f + TlTi)^^{l + T2T2)^^X is a core ofTiT2. 

Proof Note that 

(I + {TiT2y{TiT2)){l+T*Ti)-\l+T;T2)-^ = (I + (r*Ti)(r2*T2))(I + T*Ti)-i(I + T2*r2)-^ 
We express the right hand side of the above equation using z-transforms of Ti and T2 : 

Let / : [0, f ] X [0, 1] -^ K+ be the function defined by 

f{xi,X2) = (f - xl){l - xl) + xjxl. 
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Note that /(xi, X2) = if and only if xi = 1 and 2:2 = or xi = and X2 = 1- Let us also define 
the function g : [0, 1] x [0, 1] ^ M by the formula: 

g{xi,X2) = {l-xl)^(l-xl)i. 
We have the following implication: 

ifixi,X2) ^0)^ i9{xi,X2) = 0). 

Using Proposition 6.2 of [TU] we get the following inclusion: 

H-ll 7 7 77 TTT r-TT ^-i— IMI 



(1 + r*ri)-2(i + r*T2)^5x c (i + (r*Ti)(T2*r2))(i + t*Ti)-i(i + T2*T2)-ix 
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We end the proof by noting that A ^ [l + T*Ti)-2{l + T*T2)-^X . D 

Lemma D.5. Let Ti,T2 G A^ be a strongly commuting pair of operators andlet Y C D(T2*r2) &e 
such that (1 + T2T2)Y is dense in A. Then the set 

(1 + (TiT2)*(TiT2))(l +T*Ti)-iy 
is dense in A. 

Proof. The proof of this lemma follows from the previous one with X — {1 + T2T2)Y. D 
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